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Abstract. It is proved that the eigenvalues in the N-particle system are absorbed 
at zero energy threshold, if none of the subsystems has a bound state with E < and 
none of the particle pairs has a zero energy resonance. The pair potentials are allowed 
to take both signs. 



1. Introduction 



In [T] it was proved that the 3-body system, which is at the 3-body coupling constant 
^ ■ threshold, has a square integrable state at zero energy if none of the 2-body subsystems 
is bound or has a zero energy resonance. The condition on the absence of 2-body zero 
O ■ energy resonances is essential, that is the 3-body ground state at zero energy can be 
CsJ ■ at most a resonance and not an state if at least one pair of particles has a zero 
energy resonance [1]. One of the restrictions on pair potentials in [1] was their being 
non-positive. The aim of the present paper is to generalize the result of P to the case 
of many particles and get rid of the restriction on the sign of pair potentials. The main 
^ ' result is expressed in Theorems [H El which state that the eigenvalues in the N-particle 
■ system are absorbed at zero energy threshold, if none of the subsystems has a bound 
state with E < and none of the particle pairs has a zero energy resonance. Throughout 
the paper we use the following operator notation. A> means that (/, Af) > for all 
/ G D{A) and A^ means that there exists /o G D{A) such that (/o, AJq) < 0. 
We consider the A^-particle Schrodinger operator 

H{X)=Ho + \ Yl (1) 

where A > is a coupling constant. Ho is a kinetic energy operator with the centre of 
mass removed, rj G are particle position vectors, the pair potentials are real and 
Vij G L2(M3) n L\R^). The operator H{X) is self-adjoint on D{Ho) C L\R^^-^), the 
set of relative coordinates in M^^~^ we shall denote as ^. Throughout the paper we shall 
assume that 

aessiHi\)) = [0,oo), (2) 
f On leave from: Institute of Physics, St. Petersburg State University, Ulyanovskaya 1, 198504 Russia 



Zero Energy Bound States in Many-Particle Systems 



2 



which, of course, restricts possible values of A. Here we shall extensively use the 
term critical coupling. In the literature one finds several related definitions: critically 
bound [2], critical coupling [3], coupling constant threshold in jH |5], virtual level at 
the threshold [6], etc. To avoid possible confusion we list three of the most popular 
definitions and indicate the relations between them. 

Definition 1. H[X) is at critical coupling if H{X) > and H{X) + eX]j<i^i ^ ^ ■^^'^ 
any e > 0. 

In the terminology of [H E] Def. 1 implies that H{X) is at the coupling constant 
threshold. The next definition due to scaling arguments is fully equivalent to Def. 1 

Definition 2. H{X) is at critical coupling if H{X) > and H{X) — (1 — e)HQ ^ for 
any < e < 1. 

So under the term critical coupling we shall mean any of those. The next definition 
can be found, for example, in [6] 

Definition 3. H{X) is said to have a virtual level at zero energy if H[X) > and 
H{X) -eVn^O for any e > 0, where Vr := 1/(1 + l^p). 

In the case of = 2 it is easy to show that all three definitions are equivalent to 
the definition of a two-particle zero energy resonance, c.f. [3 [8]. Note, that, in general, 
for > 3 the Defs. 1-2 and Def. 3 are not equivalent. The difference lies in the fact 
that the perturbation in Def. 3 does not move the lower bound of the essential spectrum, 
since Vr is a relatively i^o^compact perturbation, contrary to the perturbations in Defs. 
1-2, where the lower bound of the essential spectrum can be moved, if some of the 
subsystems are at critical coupling. 

Proposition 1. A system of N particles is at critical coupling if it has a virtual level 
at zero energy. 

Proof. Assume by contradiction that the system is not at critical coupling. Then there 
must exist eo > such that H — eo-f^o ^ 0. By the Courant identity [H |T0] there exists 
K > such that Ho — kVr > 0. Hence, 

H - eoKVR = H- eoHo + eo{Ho - ^Vr) > 0, (3) 

which means that the system does not have a virtual level at zero energy. □ 

As already mentioned the converse of Proposition [1] is in general not true. Note, 
however, that that if a system has a zero energy bound state then it automatically has 
a virtual level at zero energy. 

2. Main Result 

For the formulation of Theorem [1] we need to impose the following requirement. 
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Rl There exists a sequence of coupling constants A„ e M+ such that hm„„j.oo A„ = 
Xcr e IR+, and H{Xn)ipn = Enipn, whcre ipn e D{Ho), \\tpri\\ = 1, En < 0, 
hni„_^oo En = 0. 

Further in this section we shall prove the following 

Theorem 1. Suppose H{X) defined in ([2]j for N > 3 satisfies Rl, H{Xn) and H{Xcr) 
have no subsystems, which have a bound state with E < 0, and no particle pairs at 
critical coupling. Then there exists normalized ipo G D{Hq) such that H{Xcr)'ipo = 0. 

The next statement can be considered as a corollary to Theorem [H 

Theorem 2. Suppose that N > 3 and H{Xcr) is at critical coupling. Suppose also that 
H{Xcr) has no subsystems, which have a bound state with E < 0, and no particle pairs 
at critical coupling. Then there exists normalized ipQ G D{Hq) such that H{Xcr)'ipo = 0. 

Proof. Let us assume that none of the subsystems is at critical coupling. On one 
hand, from the HVZ theorem [111 [10] it follows that there exists eg > such that 
for A„ = Acr(l + ^o/n) and n = 1, 2, ... we have inf aessH{Xn) = 0. We also choose eo 
small enough to guarantee that H{Xn) has no subsystems that are either bound or at 
critical coupling. On the other hand, H{Xn) ^ 0. Therefore, there are ipn £ D{Ho) such 
that H{Xn)4'n = Enipn, where En < 0, \\ipn\\ = 1 and En — )■ 0. Now the statement follows 
from Theorem [H It remains to get rid of the assumption that there is no subsystems 
at critical coupling. If there would be such then it is always possible to pass to the 
corresponding subsystem (call it S), which has no subsystems at critical coupling. In 
such case by the above analysis S must have a bound state with E = 0, which is in 
contradiction with the theorem conditions. □ 

Following P let us introduce the operator Br^r2{.z), where 1 < n < r2 < A^. We 
construct Bi2{z), for other particle pairs the construction is analogous. 

We use Jacobi coordinates [l2] ^ = {x,yi,y2, ■ ■ ■ ,yN-2), where x,yi G M^. We set 
X = a^^{r2 — ri) and yi = {y/2Mi2/fl)[r3 — mi/(mi + m2)ri — m2/(mi + m2)r2], where 
a := h/ y/2jji2, Mi2 := (mi + m2)my,/ (mi + m2 + m^) and /ijfc := rriimk/ {rrii + rrik) is the 
reduced mass. For = 4 this choice of coordinates is illustrated in Fig. 1 (Left). The 
coordinate yi G is proportional to the vector pointing from the centre of mass of the 
particles [1, 2, . . . , i + 1] to the particle i + 2, and the scale is set to make the kinetic 
energy operator take the form 

Ho = -A,-J2^y. (4) 

i 

Let ^-"12 denote the partial Fourier transform in L'^[M.^^~^) acting as follows 

f{x,py) = J-12/ = ^^^^(3^6)72 / d'^'S e-^^y yf{x,y), (5) 

where y = {yi, . . . ,yN-2), Py = {py^^Py^, ■ ■ ■ ^Pyt^^^) ^ I^^^"®- Then Bu^z) is defined 
through 

Bi2{z) = l + z + J^^^H{py)Ti2, (6) 
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\Py\ ~ (SiPyJ^''^ ^^"i denotes the characteristic function of the set Vl. Let 
us transform the coordinates through jji = J^k'^ikUk, where Tj^ is any orthogonal 
(A^ — 2) X (A^ — 2) matrix. It is easy to check that the construction of Bi2{z) is invariant 
with respect to these coordinate transformations. That is 

^12(2:) = l + z + ^^^t{Py)7i2, (8) 

where F12 is defined through 

1 ' j3Af-6~ 



Similarly, one defines Br^r2{.z) for all particle pairs. 5^x2(2:) and B~^^^{z) are analytic 
on Re 2; > 0. 

Proof of Theorem [11 By contradiction, let us assume that the zero energy bound state 
does not exist. Then by Theorem 1 in P totally spreads and V'n — > (for the 
definition of spreading see [1]). Let r = 1, 2, . . . , A^(A^ — l)/2 for > 4 label all particle 
pairs and ti < T2 label the particle numbers entering the pair r. We shall denote 
Vt := It is helpful to split into positive and negative parts Vr = {vr)+ — (fr)-, 

where (wt)+ := max[0,fr] and (fr)- '■= max[0, — t",-]. On one hand, the Schrodinger 
equation for ipn reads 

(i/o + KU+ + ki)^n = K. J2 Vi^iVM^^n), (10) 

T 

where we set 

f/+ := 5^(tv)+. (11) 

r 

Acting on the last equation with an inverse operator gives 

V^n = A„5^(iJo + A„f/+ + fc^) 'v^(^(v'(^V^„). (12) 

r 

On the other hand, we can rearrange the terms in the Schrodinger equation as follows 

^^0 + K{Vr)+ + kl 1pn = \n{vT)-^n " ^ Vs^n, (13) 

where index 6 runs through all particle pairs. This gives us 



Hq + Xn{Vr)+ + kl {yr)-1pn " [^^0 + K{Vr)+ + kl Vslpn- (14) 
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Using fll4l) we get the following expression for the last term in brackets in fll2p 

<5^r 



-1 



-1 



^ {Vr)-\Ho + \n{Vr)+ + k 



-1 



(15) 



That the inverse of the operator in curly brackets makes sense would be shown in 
Lemma [H below. Substituting ( fT5l) into ( fT2l) yields the equation 



-1 



(16) 



All operators under the sum except vs are positivity preserving, see [131 El The 
inverse of the operator in curly brackets being positivity preserving can be seen from its 
expansion in von Neumann series, see and Lemma 12 in [T] and Lemma 1 of this paper. 
Thus we can transform (fT6|) into the following inequality 



T S^T 



\/{Vt)- \ a/ {Vr)- Hq + \n{Vr)+ + k^ \vs\\i^n\- 



(17) 



Note that ^ifo + An f^+ + A;^j and HQ + \n{vr) + + k1^ are integral operators, see [T3] . 
and positivity preserving operators, see, for example, [TTj (Example 3 from Sec. IX. 7 in 
vol. 2 and Theorem XIII. 44 in vol. 4). By resolvent identities 



H. + kt 



-1 



-1 



Hq + \JJ+ + k 
[Hq + Xn{Vr)+ + k 



\jHo + KU+ + ki] UAH^ + ki 



-1 



-1 



:i8) 



-1 



A„(/7o + \n{vr)+ + A;^) '(^r)+(i^o + fe')l9) 



the differences on the Ihs of f|T8l) - f|T9l) are positivity preserving operators. Therefore, we 
can rewrite ( |T71) as 



T 



Hn + kl 



\'Vs\\'4'r, 



(20) 



We use the notation Br{z) = Br^r'^iz)-, where Bt^t^{z) was defined above. Inserting 
into fl20l) the identity 1 = BT-{kn)B:^^{kn) and using that [B^-ikn), Hq] = and 
[Br{kn), {vr)±] = wc obtaiu 



l^nl < \l'^'^Ar{kn)Rr{kn)D^.s{kn)^A^\\i'n\ 

T S^T 



(21) 
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Figure 1. Illustration to the choice of Jacobi coordinates for = 4. Left: j/i points 
in the direction from the centre of mass of particles [1,2] to the particle 3 and y2 points 
in the direction from the centre of mass of particles [1,2,3] (symbolized by a square) 
to the particle 4. Right: y2 points in the direction from the centre of mass of particles 
[1,2] to the centre of mass of particles [3,4]. The coordinates' scales are set to make 
Eq. Q hold. 



where we defined the operators 

Ar{kn) := (Ho + k"^'^ ^(^Br{K), (22) 

Rr{k^) := {l - XnV^-U^ + ^n{Vr)+ + kA v^^^j"', (23) 



-1 



D,,s{K):=^{^[H, + kl\ B;\K)^\ {r^5). (24) 

Note that H{Xcr) satisfies the conditions of Theorem [3] in Appendix. It is easy to see 
that {ipn, H{Xcr)'ipn) 0, where ipn totally spreads. Hence, by Theorem [3] we have 
II \/|'y<5|'0n|| = ("^n, I'i'^l'^n) 0. Applying Lemmas dl [2] to the rhs of tells us that it 
goes to zero in norm, which is a contradiction, since ||'i/'„|| = 1 by Rl. □ 

Lemma 1. The operators Ar{kn), Rrikn) given by [2^) - [2^) are uniformly norm- 
bounded. 

Proof. Without loosing generality we can consider the pair r = (1,2), where Ti = 1 
and T2 = 2. The proof that ||Ai2(A;ri)|| is uniformly bounded follows the same pattern 
as the proof of Lemma 6 in [1] and we omit it here. The proof for Rr{kn) uses the 
Birman-Schwinger principle in the form suggested in [H]. Note that for self-adjoint 
operators A,B>0, where A~^ and A~^^^B^^'^ are bounded, one has 

11^-1/2^^-1/2 II ^ ||i5l/2^-l^l/2||^ (25) 

which follows from ||C^C|| = \\CCm for any bounded C, see f. e. [15]. Due to conditions of 
Theorem [1] there exists 1 > u' > (independent of n) such that (1 —ijj')HQ + Xn{vr) > 0, 
or, equivalent ly 

Ho + Xn{Vr) > uj'Ho. (26) 

By standard estimates there must exist 70 > such that Hq — ■yoXn{vr)~ > for all n. 
Together with (126|) this means that there exists u > independent of n such that 

Ho + Xn{Vr) - XMVr)- > 0. (27) 



(28) 
(29) 
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To use the identity let us set 

A:=Hq + \n{yr)+ + kl, 

B := \n{Vr)^. 

Because ^ — (1 + uj)B > for any cf) G D{Hq) we have 

(0, - (1 + uj)B](t)) = (0, {1 - (1 + u)A-^I^BA-^'^}^) > 0, (30) 

where (f) := ^""^/^c/). For cj) E D(Hq) the functions span a dense set in L^(]R^^~^) 
since D{Hq) is dense and A'^^"^ is bounded. Hence, (1 + uj)A~^^'^BA~^^'^ < 1 and 
11^-1/2^^-1/2 II < 1/(1 + By identity ((251) we obtain 

\\Xn^A^[Ho + Xnivr)+ + klY'y^i^\\ = \\B'/' A'' B'^' \\ < l/{l + co), (31) 

which means that RT-{kn) in fl2^ is correctly defined and uniformly norm-bounded. □ 

Lemma 2. T/ie operators D-r-sikn) given by [24\ ) are uniformly norm-bounded. 

Proof. Again it suffices to consider the pair r = (1,2), where ri = 1 and T2 = 2. We 
split Di2-s{kn) as follows 



H. + kl! 



/^g.(^n) := 



B12 (kn) 
-1 



kn + l 

Ivsl- 



For the operator in (!34l) we get (see Eqs. (43)-(44) in [Ij) 





< 


\/(^^12)- 


Ho + kl 


\/(^^12)- 


1/2 




Ho + kl 





1/2 



(32) 
(33) 

(34) 
(35) 



where both norms in the product are uniformly bounded (this can be easily shown 
after making an appropriate Fourier transform). It remains to prove that Df'J.g{k„) is 
uniformly norm-bounded. Let us first consider two cases: (a) 61 = 2, 62 = 3 and (b) 
61 = 3, 62 = 4. The proof for the case (a) almost repeats the one in Lemma 9 in [1]. 
Indeed, we need to show that ||/C„|| is uniformly bounded, where 

ICn = J^12D[2.23{kn)J^l2 ■ (36) 

For convenience we denote Py^ := {Py2,Py3, ■ ■ ■ iVyN-2) ^ M^^^^. The integral operator 
fCn acts on (j)[x,Py^,Py^) G ^^(IR'^^-'^) as follows 



J^n(p{x,Py„Py,) = / d X' d p Kn{x,x',Py„p' ]Py^)(j){x',p' Py,.) 



(37) 



where the integral kernel has the form pQ 



Kfl (X, X , Py-^ , P , Py^ ) 



1 



27/27]-5/2^3 



kn 



t{p, 



yi 



kn + l 



(Vi2)_(ax) 



1/2 



g-\/p|+^l^-^'l r ^ I 1/2 



(38) 
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j3 := ~m2h/ {{nil + ^2)\/'^l^i2) and 7 := h/^/2M^. Using the estimate 
ll^nT < sup / £xd^x'd^py^ d^p'y^ \Kn{x,x',Py^,p'y^;py^)f 



(39) 



we get 



||/C„|| < Co sup 

where the constant 
1 



l-p2 J\Vy^\<\ 



d^Py^ 



(40) 



Co-.-- 



is finite. Continuing fHOj) 



"2; (Vi2)_(a2;) 



1 



23 



1 1/2, 



s/7) 



47rCo. 



(41) 



(42) 



'Kil<i \Pyi\' 

In the case (b) we make the orthogonal transformation of Jacobi coordinates, where 
iji = a'~^{r4 — rs) and a' := h/ y/2fis4- Other transformed coordinates we denote as 
Vr '■= {y2, ■ ■ ■ ,yN-2) G ]R^^~^. This choice of coordinates for = 4 is illustrated in 
Fig. 1 (Right). We need to prove that \\Cn\\ is uniformly bounded, where 

■^ -1 

Ho + kl 



C-n = J^12\/{ 



V12 



{kfi 



(43) 



and is defined as in ([9]). The operator £„ acts on (p{x,Pyj^,Py^) G 



p3N-3\ 



as 



Cn4>{x,Py^,Pyr) = I d^x' d^p'y^ L„{x , x' , Py„ p'y^] Py^)(f){x' , p'y^, Py,.) 



(44) 



where the integral kernel is 

Ln{x, X , Py-^ , p , Py^) 



1 



1 



27/%5/2(a')H^n + l+t(Pj;) + 1 

^-y/pl+kl\x-x'\ 



{Vu)Aax] 



1/2 



\x — x'\ 



Vu\'^'{{Py.-p'yJ/a'). 



(45) 



Now the proof that \\Cn\\ is uniformly bounded is identical to the one in the case (a) and 
so we omit it. The general case of -Di2-<5 follows from (a) and (b) by making an orthogonal 
coordinate transformation, which corresponds to the appropriate permutation of the 
particle numbers. □ 
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Appendix A. The No-Clustering Theorem 

Below we prove the statement, which we call the no-clustering theorem. In the following 
Xl : ~^ denotes the function such that XlI'") = 1 if ^ V\ — ^ ^^^o otherwise. 
We shall make use of the following Lemma concerning minimizing sequences [T6] . 

Lemma 3 ((Zhislin)). Suppose that H > is given by ^\), where A = 1 and 
Vij G + L^. Suppose additionally that there is a normalized minimizing sequence 
fn G D{Hq) such that {fn,Hfn) — )■ 0. If fn does not totally spread then there exists a 
normalized 0o ^ D{Ho) such that Hcf)^ = 0. 

Proof. Since /„ does not totally spread there must exist a subsequence such that 
||X{z||a;|<i?,}/nfc II > ^ for somc R > and a > 0. We can assume that fn^ ^ (p E 
L'^{E?^~^) otherwise we could pass to the weakly converging subsequence, which exists 
by the Banach-Alaoglu theorem. Thus for any g G D{Hq) we have 

{Hg, 0) = hm (Hg, /„J = lim {H'/'g, H'/'f^J = (A.l) 

fe— >oo fc— >-oo 

because ||if^/^/„,^|| = (fn^, H fn^) — )• by condition of the lemma. From (lA.ll) it follows 
that (f) G D[Hq) and Hcf) = 0. That ^ follows from Lemma 3 in [I]. Setting 
00 = 0/11 011 we prove the lemma. □ 

Theorem 3. Suppose that H is given by (QP, where A = 1 and Vij G L^ + L^, and none 
of the subsystems has an eigenstate with an energy less or equal to zero. Let ip^ G D{Hq) 
be a totally spreading sequence such that {ipn,Hipn) 0. Then {ipn^Fiji — rj)ipn) — )■ 
for all particle pairs {i,j) and any given F G L^(]R'^) + L^(]R^). 

Proof. Note that ||ifo'0n|| is uniformly bounded, c. f. Lemma 1 in and ipn because 
ipn totally spreads. By Lemma S] it is enough to prove the statement for F{r) = Xl(^) 
and all L > 0. For N = 2 the statement becomes trivial. For > 3 we prove the 
theorem by induction assuming that it holds for — 1 particles. Without loosing 
generality it is enough to show that {ipn, Xl^^i ~ f2)ipn) — ^ for all L > 0. 

We can assume that V'n e C^(M3Af-3) otherwise we can pass to an appropriate 
sequence using that C^(M^^~^) is dense in D{Ho), see [17]. A proof by contradiction. 
Lets us assume that 

lim sup(?/'„, xdn - r2)^„) = a' (A. 2) 

n—^oo 

for some L > and a' > 0. 

Let Js G C^(]R'^^~'^) denote the Ruelle-Simon partition of unity, see Definition 
3.4 and Proposition 3.5 in [lOj. For s = 1,2, . . . , A one has Js > 0, J2s "^3=1 
Js{\x) = Js{x) for A > 1 and |x| = 1. Besides there exists C > such that for i 7^ s 

supp Js n {x||a;| > 1} C {a;| |rj — r^l > C|x|}. (A. 3) 
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By the IMS formula (Theorem 3.2 in [TU]) 



N 



H = J2 JsHsJs + K, (A.4) 



where 



S ly^S S 

H,:=H-J2yis- (A.6) 

The operator K is relatively ifo^compact, see Lemma 7.11 in [18j. Hg is the same 
operator as H except that the pair-interactions that involve particle s are switched off. 
By fICT) we get 

limsup J2{^pi'\ xdn - r2)^Pi'^) = a', (A.7) 

n— >-oo 

s 

where we define ipn '' '■= Jsipn ^ C^(M^^"^). The operators JiXii^i — ^2) and J2X-l('"i 

are relatively Hq compact, hence, HxlI'^i ~ 'r2)'4'n^\\ ~^ and — ''"2)V^n^'' || 

by Lemma 2 in [1]. Thus there must exist Sq > 3 such that 

limsup(V'^),XL(ri - r2)^^)) = 2a, (A.8) 

n— >oo 

where < a < 1/2 is a constant. Let G M'^^"® denote the internal Jacobi coordinates 
for the particles {1, 2, . . . sq — 1, Sq + 1, . . . , A^} and y G the coordinate, which points 
from the particle sq to the center of mass of other particles. We choose the scales so 
that Hq = — — Ay. It is convenient to introduce 

ViO■■=J2^^k-J2^lso■ (A.9) 



i<k I^sq 



Clearly, 



Hso > H'^'''^ > 0. (A. 10) 

The operator H^^°^ is the Hamiltonian of the particles {l,2,...so — l,so + l,..., N} 
and can be considered on the domain D(— A^) C L^(]R^^~^) as well. We have ipn 
because ipn totally spreads. Because K in (1A.5I) is relatively Hq compact we have 
Ki/jn — )■ 0, see Lemma 2 in [1]. Using [tpn, Hipn) — ^ and if^ > we infer from (1A.4P 
that {^lji'\H,tlji'^) for all s. Hence, by flAlUj) 

(^^),i7(^°V^))^0. (A.ll) 
Looking at (lA.SP and (lA.lip we conclude that there exists a subsequence ipn^ ^ such that 
«"\xL(ri-r2)^£«))>a, (A.12) 
(^N)^^(.o)^(so))^0. (A.13) 
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From (!Al2|) it follows that a/o < |h 
obtain 

{gk^Xhiri - r2)gk) > a 



/.(so) I 



< 1. Thus defining gk := 'iplik^ / W'iplik^ \\ we 

(A.14) 
(A.15) 



where gk G C^{R^^~^) and ||^fc|| = 1. For fiC,y),h{C,y) G L\M:^^-^) let us introduce 
the notation 



d 



3N~6 



CnCvMCy), 



(A.16) 



where (/, /i)^ depends on ?/ G M^. 

Now we define the following subsets of 

{9k,gk)( > o| n I?/ {gk,H^'°^gk)( < ^/e^{gk, gk)c^ 

{.gk^Xhiji - r2)gk)( > {a/2){gk,gk)A ■ 



(A.17) 
(A. 18) 



By standard results M.^^Mk are Borel sets. Below we prove that there exists such 
that A/fc n A^fc 7^ for /c > fco- For any Borel set X C we define 



^^k{X) 



d^y {gk,gk)c 



(A.19) 

Because gk is normalized we have fiki^^) = 1- On one hand, using flA.lSP and flA.171) 
fiki^yMk) = [ d'y (gk, gk)c < ^ / d^y {gu, H^'"^gk)c < v^. (A.20) 



Hence, 



l^kiMk) > 1 - v^. (A.21) 
On the other hand, using that according to (lA.14p f d^y {g^, Xl^^i — r2)gk)( > a we get 

Aifc(A4) > / d^y{gk, xdri - r2)gk)( > a - / {gk, xdn - r2)gk)c 

> a - |/ifc(MVA4) > ^, (A.22) 

where we applied (lA.lSP and /ifc(M'"/A4) < 1. Now it is clear that that there exists ko 
such that AfcHA^fc 7^ for > /cq. Otherwise, according to flA.2ip and f lA.22p we would 
have 

a 



f^ki^n > f^k{Mk) + fikiAfk) > 1 + 



(A.23) 



which is a contradiction since — ?■ 0. Now we construct the minimizing sequence for 
ff(so) (considered now on D(— A^)) taking any yk G Mk H Aik for k > ko and setting 

-1/2 



MO ■= gkivkX) 



d 



3N-e 



C \gkiyk,C)\ 



(A.24) 
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Due to ([OTD - dXISD the sequence 0^(0 G ^^(IR^^-^) has the following properties: 

ll^fcll = 1, (0fc,/7(^«)0fc)^Oand 

(0fc,XL(ri -r2)0fc) > a/2. (A.25) 

By Lemma [3] 0^ must totally spread because jg j-^q^^ allowed to have zero energy 

bound states. Since if^**") is the Hamiltonian of — 1 particles by the induction 
assumption it follows that 

(0fc,XL(ri-r2)0fe)^O, (A.26) 

which contradicts ( 1A.25I) . □ 

Lemma 4. Let /„(x) G D{Hq) C L'^{M?^-^) and ||/„|| + ||ifo/n|| < 1- Suppose that 
\\X{x\\r,~r,\<q}fn\\ ^ for some fixed i ^ j and any q>0. Then (/„, F(rj - rj)/„) 
for any given F E L^(R.^) + L^(M^). 



Proof. Obviously, it suffices to consider F G L^(]R^). 

Illi^r^Vnll < (X{x||n-r,|<g}/n, \F\fn) + {X{x\\r,-r,\>q} fn, \F\fn) (A.27) 

= iXMn-r,\<g}fn, \F\fn) + (/„, |r,-r, |>,} | ^ | (^^0 + l)"'(i^O + l)/n) (A.28) 

< IIX{x||r,~r,|<,}/n|| + XMn-r,\>q}\F\{Ho + I)'' . (A.29) 



The first term in (]A.29P goes to zero because \F{ri — rj)\ is relatively Hq bounded. The 
second term is an operator norm, which can be made as small as pleased by setting q 
large enough, see Lemma 5 in [1]. □ 
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